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Introduction

Introduction. Collective phenomena

I Collective vs one-particle phenomena

I Translational motion, rotations, fission, giant resonances, changes of shape
(deformation) of a nucleus

I Collective variables (not too many), collective Hamiltonian

I Other fields of physics (condensed matter, plasma etc)
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Quadrupole variables

Nuclear matter distribution, shape of a nucleus

Mass density distribution

ρmass(r) = 〈Ψ(r1, ..., rA)|
∑

i δ(r − ri) |Ψ(r1, ..., rA)〉

Sum over protons for the charge distribution
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measured cross sections and their experimental uncertain-
ties. Details of the analysis are described in a review arti-
cle (Friar and Negele, 1975) and error envelopes obtained
in this way for a variety of spherical nuclei (Sick, 1974;
Sick et al. , 1975; Friar and Negele, 1977, Sick et al. ,
1979) are compared with DME calculations in Fig. 11.
Whereas the overall agreement appears quite satisfactory,
individual discrepancies between the mean-field theory
and experiment are latent with interesting nuclear struc-
ture information. For example, whereas Ca and Pb con-
stitute good shell closures, Zr is known to have a signifi-
cant depopulation of the lpi~2 and Of&~2 orbitals and cor-
responding occupation of the Og9/2 level. A simple
schematic calculation based on the pairing theory (Negele,
1971) shows that in Zr the correlation correction de-
creases the interior density in the region of 2 fm by
roughly 8%, significantly improving the agreement with
experiment. (Analogous pairing calculations in Ca and

Pb yield no change in the density. ) The Ni nucleus is
another special case. When one calculates its energy as a
function of deformation, one finds it to be exceedingly

IO
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soft with respect to quadrupole deformations. Thus the
simple static mean-field approximation is inadequate, and
one must allow for large amplitude collective motion in
the quadrupole degree of freedom. Although the general
formalism for large-amplitude collective motion in Sec. V
has not yet been applied to this nucleus, one observed that
the shapes of the prolate and oblate admixtures in the
wave function are sufficiently different that one expects
the large-interior density fluctuation to be somewhat di-
minished (Negele and Rinker, 1977). In all these cases,
then, one is led to the conclusion that the mean-field ap-
proximation not only describes the systematic behavior of
spherical nuclei throughout the Periodic Table, but also
serves as a valid starting point for systematic examination
of specific structure effects which go beyond the mean
field. Thus the phenomenological component of the ef-
fective interaction is small enough that it is sensible to
evaluate leading corrections to the mean field as if the ef-
fective interaction were actually derived from an underly-
ing two-body potential.

The discussion of the spatial distribution of matter thus
far has dealt essentially with protons, since we have only
considered the charge scattering of electrons. From a
theoretical point of view, given the strong interplay be-
tween neutron and proton distributions in the self-
consistent mean-field theory, it is difficult to imagine how
one could systematically obtain the correct proton distri-
butions throughout the Periodic Table while making sig-
nificant errors in neutron distributions. Nevertheless, al-
though neutron distributions are much more difficult to
measure experimentally and are subject to greater ambi-
guities of interpretations than protons, it is worthwhile to
briefly survey the present status of measurements of neu-
tron distributions.

The least ambiguous probe of neutron distributions is
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FIG. 10. Cross sections for elastic electron scattering from
Pb at 502 MeV compared with DME mean-field theory pre-

diction (solid line).
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FIG. 11. Comparison of DME mean-field theory charge dis-
tributions in spherical nuclei (dashed lines) with empirical
charge densities. The solid curves and shaded regions
represent the error envelope of densities consistent with the
measured cross sections and their experimental uncertainties.
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Closed shells, spherical nuclei
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Quadrupole variables

Multipole moments of density distribution. Quadrupole variables

Multipole moments

qlm =

∫
ρ(r)rlYlm(θ, φ)d3r = 〈Ψ(r1, ..., rA)|

∑
i rl

iYlm(θi, φi) |Ψ(r1, ..., rA)〉

I q00 = A

I only some l’s are taken into account, e.g. l = 2 — quadrupole moments

q2m = 〈Ψ|
∑

i r2
i Y2m(θi, φi) |Ψ〉

I qlm — complex numbers (but q∗lm = (−1)mql−m), depending on a reference
frame, tensors of a rank l w.r.t. rotation group

I parity π = (−1)l
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Quadrupole variables

Other types of quadrupole variables

1. Nuclear surface expansion

r(θ, φ,α) = r0(1 +
∑

lm a∗lmYlm(θ, φ)) −→ r0(1 +
∑

m a∗2mY2m(θ, φ))

2. Ellipsoid (nuclear surface or one-particle potential), xi = x, y, z∑
k,j wkjxkxj = 1, wkj = wjk

R(Ω)
−−−−−−→

x̃2

v2
x
+

ỹ2

v2
y
+

z̃2

v2
z
= 1
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Quadrupole variables

Principal axes (intrinsic) frame of reference

I Normalization

αm = cq2m, c =
√
π/5/Ar2, r2 = 3/5r2

0A2/3

I Intrinsic frame

{αm}

R(Ω)
−−−−−−→ {α̃0, α̃1 = α̃−1 = 0, α̃2 = α̃−2}

I Deformation variables β, γ

β cos γ = α̃0

β sin γ =
√

2 α̃2

I Special case α̃2 = 0 – axial symmetry
α̃0 > 0 — prolate (cigar-like) shape
α̃0 < 0 — oblate (disk-like) shape
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Quadrupole variables

β, γ variables, cont.

Symmetries on the (α0, α2) −→ (β, γ) plane

b

(β0, γ0)

b

(β0,−γ0)

b

(β0, 2π/3+γ0)
b

(β0, 2π/3−γ0)

b

(β0,−2π/3+γ0)

b
(β0,−2π/3−γ0)

γ
=
π
/3

γ
=

2π
/3

γ
=
−
π
/3

γ
=
−

2
π
/3

a0

a2

γ= ± π

ay=0ax=0

γ=0 az=0
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Quadrupole variables

Experimental hints

I For almost all even-even nuclei the first excited state is 2+

I Schematic spectrum of 2+ excitation in 100Mo

[Energies for 100Mo]

I Strength (reduced probability) of an electromagnetic transition

1/τi ∼ E2L+1
γ B(EL; i, f)

For most nuclei B(E2) for 2+1 → g.s. is 30 − 200 Weisskopf units (single
particle estimates)
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Quadrupole variables

Experimental data on the 2+1 state
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Quadrupole variables

Example of results from experiments at HIL

100Mo, Coulomb excitation with 32S beam
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Collective Hamiltonian

Collective Hamiltonian. Kinetic energy

Classical kinetic energy
Laboratory frame

Ekin =
1
2

∑
mn

Bmn(α)α̇mα̇n

Intrinsic frame

Ekin = Tvib + Trot =
1
2

(Bβββ̇2 + 2Bβγββ̇γ̇ + Bγγβ2γ̇2) +
3∑

k=1

I2
k

2Jk

Bββ(β, γ), Bβγ(β, γ), Bγγ(β, γ), Jk = 4β2Bk(β, γ) sin2(γ − 2πk/3), k = 1, 2, 3

Quantization. Laplace-Beltrami operator

Ekin,quant = −
~2

2
1

√
det B

∑
k,j

∂

∂αk

√
det B (B−1)kj

∂

∂αj

Volume element (for scalar product in the Hilbert space)
√

det B dα−2 . . . dα2
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Collective Hamiltonian

Quantum Hamiltonian in the intrinsic frame

General Bohr Hamiltonian (Aage Bohr)

HBohr = Tvib + Trot + V

Tvib = −
1

2
√

wr

{
1
β4

[
∂β

(
β4

√
r
w

Bγγ
)
∂β − ∂β

(
β3

√
r
w

Bβγ
)
∂γ

]
+

+
1

β sin3γ

[
− ∂γ

(√ r
w

sin3γBβγ
)
∂β +

1
β
∂γ

(√ r
w

sin3γBββ
)
∂γ

]}

Trot =
1
2

3∑
k=1

I2
k (Ω)/Jk; Jk = 4Bk(β, γ)β2 sin2(γ − 2πk/3)

w = BββBγγ − B2
βγ; r = BxByBz



Nuclear mean field theory and collective phenomena

Collective Hamiltonian

Special cases

I ”Simple” kinetic energy: Bββ = Bγγ = Bk = B, Bβγ = 0

Tvib = −
~2

2B

[
1
β4 ∂ββ

4∂β +
1

β2 sin3γ
∂γ sin3γ∂γ

]
Various potentials

I Harmonic oscillator: V = Cβ2/2, Hosc =
B
2
|α̇|2 +

C
2
|α|2, |α|2 =

∑
m αmα

∗
m
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Collective Hamiltonian

Quantum Hamiltonian, cont.

I Energy levels

I Matrix elements of the E2 transition operator — halflives of levels,
quadrupole moments

I Wave functions
Ψ

(coll)
IMξ (β, γ,Ω) =

I or I−1∑
K=0(2),even

FIKξ(β, γ)φI
MK(Ω)

I Probability distributions (of various shapes!)

pIξ(β, γ) =
∑

K |FIKξ(β, γ)|2
√

wrβ4| sin 3γ|
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Mean field theory

Mean field, Hartree-Fock method

I Free (quasi)particles in an average potential

I Product wave function, Slater determinant det |φk(rk)|.

I Phenomenological potentials: harmonic oscillator, square well, deformed
(anisotropic) harmonic oscillator (Nilsson potential), Woods-Saxon
potential,...

I Variational principle

I Hartree-Fock equations

Tφk(r)+
( ∫

d3r′V(r, r′)
∑

k

|φj(r′)|2
)
φk(r)−

∑
j

φj(r)
∫

d3r′V(r′, r)φ∗j (r′)φk(r′) = ekφk(r)

I Effective nucleon-nucleon interactions

I Pairing correlations
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Mean field theory

Hartree-Fock method, second quantization

I Microscopic Hamiltonian for a system of nucleons

Ĥmicr =
∑
µ,ν

Tµνc+µcν +
1
4

∑
µ,ν,α,β

Ṽµναβc+µc+ν cβcα

ΨHF =
∏

k d+k |0〉

I Hartree-Fock equations
[Hmf(ρ), ρ] = 0

Mean field Hamiltonian

Hmf =
∑
µ,ν

(Tµν + Γµν)c+µcν

Γµν =
∑
µ′ ,ν′

Ṽµµ′νν′ρν′µ′

ρµν = 〈ΨHF| c+ν cµ |ΨHF〉
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Mean field theory

Mean field, Hartree-Fock-Bogolyubov method

I Pairing correlations

I More general product state (BCS type), undetermined particle number (!)

ΨBCS =
∏
µ>0(uµ + sµvµ̄c+µ̄c+µ ) |0〉

Quasiparticles
α+µ = uµc+µ + s∗µvµ̄cµ̄

I Density matrix R

R =

(
ρ κ

−κ∗ 1 − ρ∗

)
=

(
〈Ψ| c+ν cµ |Ψ〉 〈Ψ| cνcµ |Ψ〉
〈Ψ| c+ν c+µ |Ψ〉 〈Ψ| cνc+µ |Ψ〉

)
Canonical basis

ρµν = v2
µδµν κµν = sµ̄uµvµδµ̄ν
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Mean field theory

Hartree-Fock-Bogolyubov theory, cont.

I Hartree-Fock-Bogolyubov equations

[W(R),R] = 0

I Mean field Hamiltonian

W(R) =
(

T + Γ − λI ∆

−∆∗ −T∗ − Γ∗ + λI

)
=

(
h0 − λI ∆

−∆∗ −h0 + λI

)

Γµν =
∑
µ′ ,ν′

Ṽµµ′νν′ρν′µ′

∆µν =
1
2

∑
µ′ ,ν′

Ṽµνµ′ν′κµ′ν′
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Mean field theory

Skyrme effective nucleon-nucleon interaction

I Momentum space representation

〈k|V |k′〉 = t0(1 + x0Pσ) +
1
2

t1(k2 + k′2) + t2kk′ + iW0(σ1 + σ2) · (k × k′) + v123

I Kernel of an integral operator 〈f (1, 2)|VS |g(1, 2)〉

VS = t0(1 + x0Pσ)δ(r1−r2) +
1
2

t1(k2δ(r1−r2) + δ(r1−r2)k′2) + t2kδ(r1−r2)k′+

+ iW0(σ1 + σ2) · (k × δ(r1−r2)k′) +

+ t̃3δ(r1−r2)δ(r2−r3) −→
1
6

t3(1 + Pσ)δ(r1−r2)ρα((r1 + r2)/2)

k′ =
1
2i

(
−→
∇1 −

−→
∇2), k = −

1
2i

(
←−
∇1 −

←−
∇2),

plus Coulomb interaction for protons

I Several variants (t0, t1, t2, t3, x0,W0): SIII, SLy4-6, SkM*, UNEDF, ....
Parameters fixed by fitting masses, radii, etc of some chosen nuclei
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Mean field theory

Mean field description of collective phenomena

Giant resonances, Random Phase Approximation (RPA)

b b b b b

b b b b b

b bbc bc bc

b b b b b

b b b

Low energy collective excitations, Adiabatic Time Dependent
Hartree-Fock-Bogolyubov

b b b b b

b b b b b
b b b b b

b b b b b
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Mean field theory

Mean field description of collective phenomena, cont.

I Set of product states depending on collective variables,
HFB calculations with constraints
δ 〈Ψ| |Hmicr |Ψ〉 = 0, 〈Ψ|Q20 |Ψ〉 = q20, 〈Ψ|Q22 |Ψ〉 = q22

I Adiabatic Time Dependent Hartree-Fock-Bogolyubovy
I Schrödinger-type equation in the collective space

In our case Bohr Hamiltonian with Bββ,Bβγ,Bγγ,Bk, V calculated from the
mean field theory
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Applications

Some applications

1. From strongly deformed Hf isotopes to almost spherical Hg

2. Mo84−110 isotopes

3. Actinides
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Applications

178Hf — 200Hg. Collective potential energy
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Applications

178Hf — 200Hg. Collective potential energy
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Applications

178Hf — 200Hg. Energy levels
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Applications

178Hf — 200Hg. E2 transition probabilities
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Applications

Mo isotopes. Potential energy
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Applications

Mo isotopes. Energy levels

SIII

SLy4
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Applications

Mo isotopes. E2 transitions 21 → 0g.s.
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Applications

Actinides

  

A. Staszczak, A. Baran, J. Dobaczewski, W. Nazarewicz, Phys.Rev. C 80, 014309 (2009)
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Applications

240Pu potential energy
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Nuclear mean field theory and collective phenomena

Applications

Some remarks

I Limitations of the theory

I Coupling collective and one-particle modes

I What about odd and odd-odd nuclei?
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